We confirm the non-integrability of the multi-deformed Ising Model, an already expected result. After deforming with the energy operator φ 1,3 we use the Majorana free fermionic representation for the massive theory to show that, besides the trivial one, no local integrals of motion can be built in the theory arising from perturbing with both energy and spin operators. 
Introduction
After Zamolodchikov's work [1] - [3] , great advances have been achieved in the understanding of field theories, and in particular of integrable field theories (IFT), arising from the perturbation of certain conformal field theories (CFT). The simplest example is certainly given by the perturbed Ising Model
where A CFT stands for the action of the two dimensional c = 1/2 CFT and σ (spin) and ǫ (energy) are, respectively, the relevant spinless primary fields φ 1,2 and φ 1,3 with conformal dimensions (1/16, 1/16) and (1/2, 1/2). From dimensional analysis, we see that the coupling constants h ∼ (length) −15/8 and τ ∼ (length) −1 have conformal dimensions (15/16, 15/16) and (1/2, 1/2), respectively.
When considered separately, these perturbations were studied in [1] - [5] , and are known to yield IFT's. Namely, in the case τ = 0, h = 0 the corresponding perturbation has a realization as an Affine Toda Field Theory (ATFT) based on SU(2) (i.e. a sine-Gordon system) with an infinite set of local integrals of motion (IM) of spin s = 1, 3, 5, 7, 9, . . . (the Coxeter exponents modulo the dual Coxeter number of SU (2)), while the case τ = 0, h = 0 also has an infinite set of local IM but with spin s = 1, 7, 11, 13, 17, 19, 23, 29 (mod 30) (the Coxeter exponents modulo the dual Coxeter number of E 8 ), related to the fact that now it has a realization as an ATFT based on E 8 .
Finally (the case that will interest us here), when both perturbations are turned on (see [7] for an extensive analysis), although there is the possibility of having conserved charges of spin s = 1, 7, 11, . . . (mod 30), in [6] it is shown that no low spin IM exist, leading to belief that (1) is no longer integrable, except for the above h = 0 or τ = 0 particular cases. In fact, a proof for it can be obtained by starting with the finite τ theory (with scattering matrix S = −1) and then, using perturbation theory in h to compute the corresponding S-matrix elements, showing that there exists particle production for h = 0 (see, for instance, [6] and [7] ). In this letter we confirm this result by explicitly verifying the absence of local IM, with the argument being as follows:
Given a minimal model, let T s+1 be some descendant state of the identity operator with spin s + 1 satisfying the conservation law∂T s+1 = 0 in the CFT and φ kl represent some perturbing relevant spinless operator with operator product expansion (OPE)
From the deformed Ward identities we then havē
where λ is the perturbation coupling, so that there exists a function Θ s−1 such that 
plus its anti-holomorphic partner, that we will not write down in what follows. We will denote the set formed by T s+1 in (5) for all possible values of s by Λ kl . Whenever Λ kl has an infinite number of elements the φ kl perturbed theory is said to be integrable.
In the case of the unitary minimal models deformed by φ 1,3 , Λ 1,3 can be derived from the sine-Gordon model, with the first elements given by [4] , [5] 
where T (z) is the holomorphic part of the stress-energy tensor in the CFT and the normal ordering (AB)(w) is simply
In a minimal model deformed by two operators of conformal dimension h 1 and h 2 and couplings λ 1 and λ 2 , (3) is generalized tō
where
, where the right dimension can only take the allowed values for the particular model. In the Ising Model case (1), these are {0, }, implying that n and m cannot be non-zero simultaneously and that only the linear terms on τ and h survive (i.e. there are no resonance terms).
In conclusion, given T s+1 ∈ Λ 1,3 for the Ising model, we will shown that, for s = 1, B (s) 1,2 appearing in the OPE with φ 1,2 cannot be written as a partial derivative, thus proving the non-existence of non-trivial local IM.
Multi-Deformed Ising Model
We start be writing an explicit form for T s+1 ∈ Λ 1,3 of the φ 1,3 perturbed Ising Model. For that we will use its Majorana free massive fermion representation (with φ 1,3 = i(ψψ)),
where m ∝ (T − T C ). This theory has c = 1/2, OPE ψ(z)ψ(w) ∼ −1/(z − w) and stress-energy tensor given by T (z) = − 1 2
(ψ∂ψ)(z), where ψ(z) andψ(z) are primary fields with conformal weight (1/2, 0) and (0, 1/2) that we will expand in modes as
where n ∈ Z + 1 2 or n ∈ Z depending if we are in the Neveu-Schwarz or in the Ramond sectors, respectively. We get {a n , a m } = δ n+m,0 , i.e. a n and a −n (n > 0) are interpreted as being the usual annihilation and creation fermionic operators, and write the stress-energy tensor
: a n−m a m :
where : · · · : denotes the usual mode normal ordering.
Without loss of generality, T s+1 ∈ Λ 1,3 (in (6)) can be written as
where we have set s = 2k + 1.
Since we are interested in the OPE of these quantities with σ we will be working in the Ramond sector (n, m ∈ Z above), with σ(0, 0) giving the Ramond vacuum | = σ(0, 0)|0 . Using (10), (12) and the fact that a n σ = 0 for n > 0 we get the OPE T 2k+2 (z)σ(0, 0) = . . . + B (2k+1) 1,2 /z + . . ., where
n (a n a −2k−1−n σ) ,
with coefficients c
Now, assume there exists an operator O (2k) such that
Obviously, O (2k) is some level-2k descendant operator of σ and, as will become clear soon, the best candidate can be written as
n a n a −2k−n σ ,
n are some unknown coefficients and again the limits simple arise from normal ordering and imposing a n σ = 0 for n > 0. Taking the derivative of this operator amounts to applying L −1 , which, from (11), can be written as
For k = 0, (13) becomes B 1,2 is directly seen to be L −1 σ), implying that indeed an s = 1 IM exists.
−2 has two satisfy two incompatible conditions and, therefore, does not exist. As to k = 2, B 
−3 a −3 a −2 σ, so that (15) supplies three equations for d n a n a −2k−1−n σ + 1 2
n a n a −2k−n a −1 a 0 σ , 
The second term in (18) is obviously incompatible with the desired structure in (13), implying that O (2k) in (15) does not exist. Expressions other that the quadratic chosen in (16) would obviously have more incompatible terms, thus ending our proof.
